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in order to develop systems, involving large-scale
entanglement, that outperform classical systems
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Cramer Rao bound

Cramér-Rao Bound for unbiased estimators:
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Moreover: Tight in the limit of many repetitions v — oo
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How to quantify the usefulness of p for a given H = Zjvzl h()7?

Quantum Fischer information (QFI)

F(p, H) = S./l\l/lp Fq ({pn|<p})

Again: Tight in the limit of many repetitions v — co.
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Questions:

m How generic is usefulness?
Which types of states are useful?
And for which measurements?

How robust is the usefulness?

What is the role of entanglement?
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Early summary of results

m Random states of distinguishable particles not useful.

m Random symmetric states (bosons) typically are useful.

m Exists one fixed measurement to access their usefulness.
m Are robust against depolarization and particle loss.

m They can be generated with random optical circuits.
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Random states more seriously

m Haar measure:
w (H) is the unique uniform measure on SU (H)

m Random isospectral states:
Fix density matrix o on some Hilbert space H, then

UoU'  with U~ p(H)
is a random isospectral state.

We will consider:

d-level spins Hy = (CHEN

symmetric (bosonic) subspace Sy := span{|y))®V : [¢) € C¢}
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Measure concentration

Levy's lemma
Let f: SU(#H) — R be L-Lipschitz, then

Pr (f(U)— E f>€><2ex (—‘ng
Uropi(H) Unp(H)" | — )~ P 412

).

We apply this to
FU):=FUoU' H) with o, H fixed

and similar functions F*Y, Fy, ...
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Random states of distinguishable particles are not useful for metrology:

Theorem
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What about symmetric states?
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Typical QFI of symmetric states

Random (bosonic) symmetric states are useful for metrology:

Theorem

UN,LL(SN (FU) ¢ ©(6° N?)) < exp (_@(53 Ndfl))

Where § = dp (O‘N, ‘SI;N‘> is the Bures distance from the max. mixed state.
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Robustness against noise

Example (Robustness against depolarization (d = 2))
Provided that 5 = d (UN, |31;N|> > 1/NY/3

the QFI typically scales at least like N4/3.

B. M. Escher, R. L. de Matos Filho, and L. Davidovich, Nature Phys., 7 (2011), 406-411
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Example (Robustness against depolarization (d = 2))

Provided that 5 = d (UN, |31;N|> > 1/NY/3

the QFI typically scales at least like N4/3.

Theorem (Robustness against loss of k particles)
Let F} be the QFI after k particles were lost, then

Urp(Sn)

where dy == ||on — |31;N|”HS-

52 N2 54 Ndfl
(000 (7)) <o (o (25
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Robustness against noise

Example (Robustness against depolarization (d = 2))

Provided that 5 = d (UN, |31;N|> > 1/NY/3

the QFI typically scales at least like N4/3.

Theorem (Robustness against loss of k particles)
Let F} be the QFI after k particles were lost, then

Urp(Sn)

where dy == ||on — |31;N|”HS-

52 N2 54 Ndfl
(000 (7)) <o (o (25

)

Caveat: If &k o< N, usefulness is lost, consistent with

B. M. Escher, R. L. de Matos Filho, and L. Davidovich, Nature Phys., 7 (2011), 406-411
R. Demkowicz-Dobrzanski, J. Kotodyrski, and M. Gutd, Nat. Commun., 3 (2012), 1063
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Attaining the Heisenberg limit

Finding the right measurement can be tricky.

m Which measurement is good usually depends on the state.

m Adaptive measurements can be necessary.

Not for random states:

Theorem (Pure random symmetric states typically attain the HL)

S P Gucoan Fallg) ¢ O(V) < exp (~6(N))

Concretely: Vo : EFy > 0.0244 N?
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How can we generate random symmetric states?
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Generation with random circuits

States drawn with a unitary design would be sufficient
and they can be generated with random circuits!

J. Bourgain and A. Gamburd, arXiv e-print, (2011), arXiv: quant-ph/1108.6264
F. G. S. L. Brandao, A. W. Harrow, and M. Horodecki, arXiv e-print, (2015), arXiv: quant-ph/1208.0692
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States drawn with a unitary design would be sufficient
and they can be generated with random circuits!

Take a good set of gates universal for 2-mode linear optics:

1 /1 2i 1 (1 =2 1 (1+42i 0
Vl"ﬁ(m 1) V2'_ﬁ(—2 1> V3'_ﬁ( 0 1-21)

Add a non-trivial non-linear gate, like Vxk = exp (—i71ig 1p/3).

Combine them to random circuits of length K.

J. Bourgain and A. Gamburd, arXiv e-print, (2011), arXiv: quant-ph/1108.6264
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Approximate t-designs
m An e-approximate t-design e (#) approximates ()

m For any balanced monomial f: SU(H) — R of degree t, it
holds that

fU)- E fU)|<e/H

E
Ur~p(H) Urpe,t(H)

m Implies that polynomials (like the QFI) also are close

m Measure concentration, albeit weaker, also carries over |20]
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Generation with random circuits

States drawn with a unitary design would be sufficient
and they can be generated with random circuits!

Take a good set of gates universal for 2-mode linear optics:

1 /1 2i 1 (1 =2 1 (1+42i 0
Vl"ﬁ(m 1) V2'_ﬁ(—2 1> V3'_ﬁ( 0 1-21)

Add a non-trivial non-linear gate, like Vi = exp (— i 1, 7ip/3).

-]

Combine them to random circuits of length K.

[V <]

When K — oo yields an approximate ¢-design for any ¢

Results for qubits on random circuits efficiently yielding approximate unitary
designs do not carry over.

Don't know how K has to depend on N. = Numerics

J. Bourgain and A. Gamburd, arXiv e-print, (2011), arXiv: quant-ph/1108.6264
F. G. S. L. Brandao, A. W. Harrow, and M. Horodecki, arXiv e-print, (2015), arXiv: quant-ph/12
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Random states for robust quantum metrology = Generating random symmetric states

Numerics
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Numerics
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Conclusions

@

Random states of distinguishable particles not useful.

@

Random symmetric states (bosons) typically are useful.

@

Exists one fixed measurement to access their usefulness.

@

Usefulness is robust against noise and particle loss.

@

They can be generated with random optical circuits.
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